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INTRODUCTION. 


. The writer of the following pages was led to the investiga- 
tions on parametric coefficients which they contain, from sug- 
gestions arising from the following six papers. The first three ` 
have been published in the Journal of the Asiatic Society of 
Bengal, the next two in the Bulletin of the Calcutta Mathe- 
matical Society, and the last one, which is yet unpublished, 
obtained the Griffiths’ Prize of the Calcutta University last 

ear. 
l. A General Theory of Osculating Conics. (Journal, 

A. S. B., Vol. IV, No. 4, New Series.) 

2. Geometrical Theory of a Plane Non-Cyclic Arc, Finite 

as well as Infinitesimal. (Journal, A. S. B., Vol. IV, 

No. 8, New Series.) 

A General Pur i of Osculating Conics, 2nd Paper. 
: (Journal, A. S. B., Vol. IV, No. 10, New Series.) 
New Methods in the Geometry of a Plane Arc. 

(Bulletin, C. M. S., Vol. I, No. 1.) | 
On Rates of Variation of the Osculating Conic. 

(Bulletin, C. M. S., Vol. I, No. 2.) 

On the Infinitesimal Analysis of an Arc. (Griffiths’ 

Prize Essay, 1909.) 

In paper No. 2, approximate expressions for the radius of a 
circle through any three points of an arc, the difference between 
an arc and its chord and the area of the segment enclosed 

* between them, etc., were obtained in terms of arc length, radi- 
us of curvature and aberrancy, by elementary geometry. As 
complete expressions could not be obtained by geometrical 
methods and as the writer was not aware of any existing 
general method by which such problems could be solved, he 
was led to devise the method of ‘ Parametric Coeflicients ', of 

which a first sketch has been given in paper No. 6. ^61 | 
In paper No. 3, certain expressions in differential form 
naturally arose as coefficients. These divided by proper powers 


"^ P, 


* 
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of dt, are the first few parametric coefficients in two dimensions. 
As the writer had in view the extension of the methods to 
osculating cubics, he proceeded with the study of parametric 
coefficients in general, which eventually also gave a solution of 
the problems which had arisen in paper No. 2. 


Three important series of these parametric coefficients 
occurred as coefficients when 


L=(X—2) Dze+(Y-y) Dy, M=(X-x) Dy —(Y —y) Dr and 
Ne(X—zr)D'y—(Y - y) Di, 


were expanded in ascending powers of the parameter t. This 
has suggested the name ‘ Parametric Coefficients’. 

It was apparent that a suitable cubic V in M, N would yield 
an expansion in f, commencing with Af, so that V —o and A=o 
would be, respectively, the osculating cubic and the differential 
equation of the cubic. The result V —o has been worked out 
in paper No. 6. The coefficients are somewhat lengthy. 

The writer naturally sought for a suitable parameter which 
would simplify the expression V. This parameter was dis- 
covered while writing paper No, 5. Itis the second intrinsic 
parameter in two dimensions. 

The writer is indebted to the kindness of Professor A. R. 
Forsyth. F.R.S., of Trinity College, Cambridge, for having 
supplied him, among other things, with certain references to 
the modern theory of differential equations, where by use of 
Lie's transformations, one can deduce the equation of the 
osculating cubic, as also the general differential equation of 
the cubic. These are given fully in ** Projective Differential 
Geometry of Curves and Ruled Surfaces", by Wilezynski 
(Teubner, 1906). 'The methods are far from elementary and 
the results are expressed as invariants, which have necessitated 
further investigations to interpret geometrically. The method 
of the present writer is elementary in character and the results 
are expressed in terms of invariants, which have direct geomet- 
rical significance. In fact it is a distinct merit, of the method 
of rametric coefficients, to have achieved, by elementary 
method, results which have been treated by advanced analysis. 


d 


A word may be said on the method by which, forexample, the 


equation of the osculating conicoid has been obtained. Apart 


from the result, which may be claimed as new, the method 
is interesting. It is simple and general in its scope. In a 
first stage, it occurs in papers Nos. 1 and 3, where there is 
a sort of informal use of the 'transforming factor’ and reduc- 
tion to parametric forms. | 
The conception of ‘intrinsic parameters” is a funda- 
mental one in the theory of curves. Except the first, namely, 
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the arc-length, the rest do not seem to have attracted T 
notice of geometricians. Although suggested by paper No. 5 
the name and use first occurs in the present paper. 

Finally, the writer must acknowledge his great indebtedness 
to Professor C. E. Cullis, M.A., Ph.D., for kindly encourage- 
ment and many suggestions. 


I. GENERAL CONCEPTIONS OF PARAMETRIO COEFFICIENTS. 
I. Parametric Coefficients defined in n-dimensional space, 


Let a curve in n-dimensional space be defined by 

z, = Fit), as Fill), zez F404,.......... ; Za = F.(t), 
Where 2. 23.5. Dees 00s 2 oc , % are the — of a ak P, 
on the curve, with reference to n axes mutually ort 
through a given origin. Any of the co-ordinates z jo — 
length of: perpendicular, with proper sign, on the (n — 1) dimen- 
sional space passing through the remaining (rn — 1) axes. The func- 
tions Sr, Fa, F,........ , Fa, as also their derivatives, up to 
any required "order, are supposed to be uniform, finite 
and continuous, within the limits of value considered of the 
parameter !. 

If we write 


* =D", where r is a positive integer, 
and 
> D'z, D ®z,=(m,, m;), where r=1, 2, 3,...., n, then (m,. m.) 


will be called a parametric coefficient of class 1. 
Again, if we write 


Dx, D Se. 
deg ZE x 
D x, D *z 


where r, —1, 2, 3, .., » 
fazzl, 2. 3, 


then ms ma] will be ‘called a parametric coefficient of class 2. 
ly, if we write 
2 


D E D "n. D''z, 

= D 'z, «Ds, D e =[m,, my, m,]* 
Die: D' D *, 
Sr Bs A 


2 
II = [m, ^ nm. D 





4 
where nmel, 2, 9.2.9. d: 
Fa , 2, 3, oes ee ees n, 
Fs l, 2. 3, nn. ...n.... » n, 


kW Jee E $ 


will be called a parametric coefficient of class n, or of the 
highest class, for the curve in n-dimensional space. 
Further 


| "^V 4 Pa 
D m$. IL Ge 
wm "ew ||.» VT » [€ 912; 
D Xr, D zt, | D Tr, D 'z, 





where 


will be called the moment of the parametric coefficients 


. [m,,m,] and [p,, p]. 
. Similarly, 


` em s P | 
Di D'm D: sis Da, Da, 
= De D *z, D. ^e | D! T, Dis Der 
D 'z, D Se. D *x, D'x, D*x, D*x, | 
5» 5? 8 är Lt A 

=[m,, m, My | Pir Pos Ps) 


where 
Frankl RE 5 n 
$491, BS. sxe a 
=1,2,3...... n 


will be called the moment of the parametric coefficients 


[m,, my, ma] and [Pis Pa» Pali and so on. 
We have thus moments of parametric coefficients, taken in 
pairs, of any class, from the second upwards. If the coeffi- 
cients be identical, then their moment is equal to their product. 





Thus, ! 
(mx, m, | m,, m] — [m m, 
[m,, m, m, | m,, m,, m;)-[m,, My, ms, P ` 


and so on. 
Also the moment of two parametric coefficients of the 
highest class n, is the product of the coefficients. 


Thus, [m,, Mis- -< -My | Di» Pas» ---P«] 
cc Lamm, Mass + te Jl, Paseoa Pu J 
These moments are expressible as simple determinant func- 
tions of parametric coefficients of class 1. 
Thus, 
(mi, p). (mo, Pi) 


[I m, mi | pi, P= (mi, Pa)» (Ma, Pa)i 


(m,, 7), (Mas p), (m, Py) 
[m,, ma, my | Pis På Pal] |(m, Py), (ma, Pa), (ms, Pa) 
(mi, Ps), (Ms, Ps), (Ms. Ps) 
and so on. 
Again, since for space of n dimensions, parametric coeffi- 
cients of class higher than n must vanish, we have 


[m,, Mayo... Min, ma. .11)=0, [P,» Pis- +» - «Pa, Pası] =0 
and therefore 


" e €" e e e " €" e gg e ^" e e e e e " e e e e €" e e e * S e 


" * €" 8 age 9 9? 9" gg gg pg gg gg gg 9" " 9» ^» €" * * " * I 


Note.—The usefulness of parametric coefficients first sug- 
gested itself to the writer while studying the properties of oscu- 
lating conics. In a paper on Osculating Conics (second paper), 
published in the Journal, Asiatic Society of Bengal, Vol. IV, No. 
10 (New series), eight of these coefficients, which were called P, 
Q, Q,, R, S, R', S', T, came out in the general differential equa- 
tion of the oseulating conie and other expressions connected 
with the osculating conic. A more extended use of these coeffi- 
cients was made in paper No. 6. The notation adopted in that 
paper was the old notation strengthened by additional letters 
of the alphabet and additional dashes. The writer is indebted 
to the kind ro, irte of Professor C. E. Cullis, M.A., Ph.D., 
for an improved notation. The notation adopted in this paper 
is really the outcome of this suggestion and of the necessity to 
suit n-dimensional curves. The name parametric coefficients 
has been first adopted in this paper. 





. 2. The 72 Intrinsic Parameters of a curve in 2-dimen- 
sional space and their geometrical interpretations. 


The first Intrinsic Parameter of a curve in n-dimensional 
space may be defined as 


r 
= f (1,1800 
fo 
The second Intrinsic Parameter may be defined as 
f 
s=] [1,2 bat 
fo 
The third Intrinsic Parameter may be defined as 


f 
s=f [1, 2, 3]*dt 
The am Intrinsic Parameter may be defined as 
: e 


8, = | [1, 2,. n] ^ * ae 
fo | 


A plane curve has evidently only two Intrinsic Parameters 
s, and 5,, and a curve in space only three, 5,, s, and s. 

Let P, and P be any two points on the curve, correspond- 
ing to given value t, and t of the parameter t. Take a lar 
number N, of consecutive points on the curve, from P, to P, 
corresponding to N equal small increments At of ft, so that 
Nét=t—t,. Then if (z,,2,,...... , Ta) and (x, + ÂT, 2, c 02,,.. 
.., Ta + 6x, ) be the co-ordinates of any two consecutive points 
P, , P.,;,thelength of the chord P, P,.ı is 


((8z,)* + (32,)° + .... + (år, II? 
and the sum of the lengths of N such chords is 
= p(x)? + (z,Y + .... + (Bx, ) JE 


ONCE 
This sum has a limiting value, when N is infinitely large, which 
may be written as 


f i3 
Ja. 1) dt 





and which is therefore the first Intrinsic Parameter (s,). The 

first intrinsic parameter is evidently the same as arc-length (8). 
Again, if P,, P..ı, Da be any three consecutive points on 

the curve corresponding to equal small increments ät of t, then 


if z,, 2,,...., z, be the co-ordinates of P,, those of Px and 
Perss will be 

Ru HB ET —— u + Be As 
and x, + 26x, + GE, 2 + Bia, + ër... vw t 2dr. + Sz, , 
respectively. 


The projection $5,. of the area 4S of the triangle P. P,., 
P.,. on the (z,, z;) plane is 





l LS Ts s, | 
zd Tr, + x, La + T; 
x 1 x, + Zia, + ŝir., z, + 2x, + Str, | 
1 Le I *.—^0 
Saz l, ör; , ör, 
—1, Br, Sr | 
1 
=, (6%) 5822 Gegen) 
or, 
pw L ör, our. ör, =) 3 
el — T A 5p t ép 
1 \* /&r, ZG, Sr Seng 
WI go Le eet Mia me ede PEL 
But (8S)* = X(58,,) -( St ) x( ôt Sp Sp A ) 
Therefore 


1 : 
“æfa, 2]* dt. 
So that the second Intrinsic Parameter 
; . P 
te P, 


Similarly, if P,, Pv Ba P-.3 be any four consecutive 
points on the curve, corresponding to equal small increments At 





, 4, then if 2, ZE nexte we , & be the co-ordinates of P, those of 
Prats Pose, Poan will be respectively 
x, + Êr, X44 TE ve vn FÖRA , 


Lr, + 2ör, +82, et Bär, + Bis, + 2dr, + Bx, , 
x, 36r, + 38*z, + Be. Tı + 3éx, + Zéi, + 5,2,,..2, + 38r. + 35'r, 
+ Ba, 


The projection SH, of the volume ôV of the tettahedion 
P, Pra Pesa Pras on the space (z,, z,, x4) is 


il, Xa, Cas 
BL x, +öx, Ta + T3, 
arıı x, + 28r, +ö°’z,, x + 2ör, + Er, 

"il, 2x, + 3ör, + 38%x, + Bör, x, 36x, 38x, + 8,25, 


ty + 282, + S82, | = ör, San, Su, 


Ts 
£a + Sox, + 3H x, + Hx, 3r Stri, Si, dz, 


H ra 
But (5V)* = X(8V,,.)* = EN ` m, =, = (5t) 
Fx. SEN. LEN 
Gë oa 
E Gi, GËT, 
GT — B^ an | 


Therefore 


[ ont f | Et, 2 er? 





— 2, 3]*dt 


So that the third Intrinsic Parameter 


P 
= (393 f (ay? 


Po 
In Ces same way if we take p+1 consecutive pointe: PU 








Pn +,P,., on the curve, the »-dimensional content of 
rectilineal figure formed by them is determined by 


ör, rer ss. es , ör +P s 
(003): =, 7m ör, ........ E Str, ep 
— er Br 
Therefore 


2 


rO en senge ES 
feun =op» \ (en. 2,. ... py) dc TE 
d . e 


o 2 - 


2 2 
=(p n ch D, 2,....p]***9g, 
ty 
So that if 5, be the p* Intrinsic Parameter 

= 


P 2 
Sa (8U, yin 


wë 


It may not be superfluous here, to point out that the content 
of a p-dimensional pyramid, whose vertex is P and base the 
(p—1) dimensional rectilinear figure determined by FP’, 


SÉ 0% 
P"~..,Pis —U, ,H,., where H,., is height of vertex over 


base and U,_, the content of the base, for if we take 4 U, to be 
the element of U, between two parallel (p—1) dimensional 
bases, separated by distance 5 H... then because Up, varies as 
LÉI, A6" we must have 


JH p-1 Hp-1 WE 
U, SC Up- 4H,-,- f FOR, vu d, 


8» = (pl!) 


Ef 
— — U„-1- 


Similarly U, .1 = Hn-3 U, 2 and so on. 





1 
p—1 
Therefore U, Hr Haa... H3, 
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l 
Up, = vr L, Tis 2, > Ze 
P: ka Xi ^ To > Sp 
1 $ z,U) gU) e e ee 8 Tı (P) 


# 


where z, 2,,....,2,; 2, Bal, EE, $ MM... ne: 
are the co-ordinates of p + 1 points P, P’,..P in p dimensional 
space. 

à It will appear from the above geometrical interpretations, 
that the n parameters 5,, $,,...... 8, are intrinsically connected . 
with the curve and give, as it were, its measure in respectively 
one, two,..and n dimensions. The values of a, s,, etc., are 
independent of the system of axes chosen and of the parameter 
t and only vary with the positions of P, and P on the curve. 
The n co-ordinates of a point P on the curve may be expressed 
as functions of any one of these parameters. Any n—l indepen- 
dent equations between these intrinsic parameters will deter- 
mine a curve in n-dimensional space, intrinsically. 

Note.—The idea of Intrinsio Parameters was suggested to 
the writer while investigating rates of variation of the osculat- 
ing conie (vide Bulletin, Calcutta Mathematical Society, Vol. I, 


No. 2). It was noticed that by introducing the operator Q — 4 D, 
where Q-— DrD'y— DrD'r results and processes could be 


remarkably simplified. But Q-3 De where s= f'o" dit 
2 
fo 


which is the second intrinsic parameter in two dimensions. 
The extension from two to higher dimensions was natural and 
easy. 


3. The m — 1 radii of linear curvature of a curvo in 7 
dimensional space, 


BEN. PRF 8, be the n intrinsic parameters then 
ds, +, ds, = A de, _ + 
a = (1, 1) dt [1, 2] $ dt [1, 2, 3] , etc. 


ds. 


2 
— = — PIA * 
di [1, 2, 3, n] 


—«— 
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We may define the radius of first curvature aa 


&hat of second curvature as 


Is (25 - Ec 2)" 
ds, LL. 2, 3] 
and that of third curvature as 
des) (12,3) 
FS da. 


0,2, 3, 4] 
and so on. 


The radius of n—1" curvature is 


"el 
EU [1,2,3,.....n 1% 
[1,2, 3, ..; 9] 

The dimensions of p,, p4-....., Pa-1 Aare obviously of the 
first degree in length. Itis easily shewn that itə first radius 
of curvature represents the radius of a circle through three 
consecutive points. 

Let P, P', P" be three consecutive points whose co-ordi- 
nates are 


E dsn- 
Pan -1 = ds. 


Tis Tar. = o odii 
Li + ÊZ, X. 52.,..m. GE 
x, + 28r, + &x,, x, + Zax, + ST, > Ln + Ste + Hz, 


The radius p of the circle circumscribing P P P" is 
PPTPPLP'"P 

aber — 

But 

PP’ = {Z(öx2)2}%=(1, 1)* &, ultimately, 
and P'P” = PP", P’P=2 PP’, ultimately. 
Besides 
4a PP'P"-2(Z(dx, Hx, — år, 92z,)1)* 
= Al, 2] ot? , ultimately. 
Therefore 
qn 
[1, 2] 
It may be noted that by the use of general parametric 


coefficients the first radius of curvature has been expressed by 
the same formula in n dimensions as holds for two dimensions. 
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This is à priori obvious. For, if we take the osculating plane as 
the plane of (z,, z;), then the remaining co-ordinates and their 


| ^ 

first two derivatives vanish. But the expression = is an 
invariant being the ratio of the differentials of two intrinsic 
parameters, raised to some power. Therefore it would mean 
the same thing howsoever we take the co-ordinate axes. So 
that if it mean the radius of the osculating circle in two vari- 
able x,, x, it would mean the same thing in n variables z,, Z3; 
— — 

The higher intrinsic parameters are expressible in terms of 
the first intrinsic parameter and the radius of curvature. 

For, we have from definitions 


D. 215 =p, ^ (1, 1)3, [1, 2, am, "A [1, 2)5, 


[1, 2, 3, 4]i'5 =p, T5 (1, 2, 3], etc. 
2 2 2 


(1, 2, 3, .... n]*t**1)— p,.1 1, 2,3...., n — 1] eat 
Therefore 
f f + 
s= JO, gus [5,7545 gy f 7 as 
| fo e Ze 


t Hu 
A — 1 —, 
a= Ju. 2, 35a f p,—* o. —* ae 
fa a 


E 
s, | 0.23...) 7 A 
E 


B = 2 | 
le? eg, dee EE 
The invariant nature of the intrinsic parameters is, there 
fore, connected with the invariance of pj, py, Pas + > +++ pa-r 


Note.—The conception of the higher radii of curvature as 

* powers of ratios of differentials of two consecutive intrinsic 

parameters is believed to be new. It introduces a degree of 

simplicity and uniformity in the study of the higher curva- 
tures. 
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4. The Sphere and Conicoid of Osculation, 


‘The spheric of (n—1) dimensional boundary which has 
closest contact with a curve in » dimensional space has for ita 
equation 


Z(X,—r,Y. Kim Zis e ess er nennen , A,- Zë 

6 e A Ze eee ewe soe 6660 84 R Dr, 

A Bye; Dig SE ET , Ar, 
o(a, ai - — See iu A iA STA , Dës, |=0 


(n — 


n (1, ELE — sey D'z,,. . ,D*z, 


This is deduced from the spheric through » 1 points, 
which has for equation 


z(X,—2,)9, X | — SEN. zs sr ss gg 9 9" 9 9 gg zs sw , X,—2, 
XU — Bel, a Ee, ies pu ate , 2, —z, |=0. 
X(z, (9) — =)”, xt) — X. 5 ; ee else és gi e eg zt —z 
or 
ats an ch, Xi — £, e ses 99 pes 9 » - ^.» =0 
a. —x,)", x =i e een 
al,’ dE, E 2 (x. —z,)*}, ^ *— 22, den e & 6 €) » 4 För 


Site —a,)*—n (z, 6-9 —2,)* + ete.}, z, m — nz 697) + etc., 
or,using the notation of the calculus of Finite Differences 





=(X,—2,)", e, AH le H ee ere ey ‚X. 

Zë XK. —z,)*, óx,, e " 9 9 gess 9 ^ ^ * 9 ^» ege e ~ ör, 
ien dir 

DNE uw Me Uc vro . Sa, 120 
r EX, | 

Spa E. —z,)*, Fr, BREET RC o, | 
„es, 


Now if we divide the second, third, etc., rows by 5f, (ey, 
(5t)*, etc., and go to limits, we have 


. Er, 
Web x i^e. 
and u FAN _ py x, — zy 
(dt)" Ay Ee 
Ay = 2, 
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=n Dz, Dia, 40 7) pis Den, + 


The equation of the osculating spheric in n-dimensional 
space can be transformed into 


3(2,— xz,)? , L, Ls, see — * "o4 9 & * 4 * — 9 à » 9 o9 9 9 » 9 ps - L, = () 
d É pg «cus JO, 1 od sew vc. e b. ‚o 
SUUM, Ur; IX VN.» I , 0 
6 (1, 2) , 0 , m E € s — AN ;-Q 
nun 1) + BH, n — 2) + etc., O, O,. 
D. 2, . 71] 
Or, 
[1, 2 n]z(X,—or,.)*— 2 (1, 1), — 6 (1, 2) L.—...-. 


n (n—1) 


21 (2, n — 1) + etc.) L!=0, 


—{n (1, n—1) + 


The transforming factor is 


zë *o ge gg e *" 9 Vs e e e eh e e *^ 8 " *^ 690 9? 5» e e e 
ee G-A KEES SAS ee 9" e e 9 wv 9 e e 0 e 9? g 
0. Aa, Ane , — eg 8 € 





where A,,, Aig, ...... , Aun are the first minors of the 
determinant 
[1 2. 3, n]e Dz, s Dr, 5 “osuo ` Dz, 
Le D , Da 
Lo DS ae ; Dz, 
Dean, D... IU 
and 


£,sa(X,—2z,) Aj +(X- x) Ajat .... (X4 —m.) Aja 
L;m(X,—2z) An + (Rz) Au... + (Xn — 2m.) Agu 
L,=(X,—z,) Ası +(X,— 2) Aust e ée e + CX, — Za) Au 


In particular the equation of the sphere of closest contact 
in three dimensional space has for equation 


(1, 2, 3X(X —z)* — 2 (1, 1) Z,— 6 (1, 2) Z,=0 








where 
Loes —(X — x) [1, 3),.—(¥—y) [1, 3], —(2— 2) (1, Se, 
Lys (X—2)[(1, 2], +(¥—y) [1, 22. + (Z— z) [1, 21,. 
If R be the radius of the above sphere, then 
R* — X( — (1, DU, 3),, + 3 (1, 2) (1, 2],-)*/{1, 2, 37 
— (1, 17? (1, 3j «9 (1, 2)* (1, He 6 (1, 1) (1,2)[1,2] 1, 3]. 
[1, 2, 3] 
lf we take s, as the — variable, then, — 


(i= EF m —1 wehave 


(1,1)21,.D(1,1)—0, D*(1,1)-0. 
Therefore (1, 2) —0, (2, 2) + (1, 3) — 0. 





Again 
pra therefore [1, 2 -5 
1,2?+a,2% 1 
and (2, 2) = == ish mx S 
| Also D (2, 2) — 2 (2, 3) 

L. dp 
therefore (2, 3) 2 — af m 
and — [1,2]1,3]- (1,1)(2,3) — (1, 2)(1, 3) =(2, 3) e Gi. 

“ ds, 
i a= ER zr theref 1, 2, 3] — 

— 1,2,3] — "p Pi Pa 


and because ` [1, 37 (1, 2 — [1, 211, 3* « (1, NN, 2, 37 


therefore [1, S - at, — CG) , and so on.” 
| Få 


Evidently R' = är 3 3] lace" + ps (zZ P i2). a well-known formula. 


- emm — — — 


Saint Venant, Journal de l'Ecole — Cahier 
ves a table of formule for three dimensional curves, in 
calculates some of the parametric coefficients for "m 
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These formulae may be extended to a curve in space of 
any number of dimensions. We might, for instance, find an 
expression in the same way for the radius of a spheric of five 
pointic contact, to a curve in four dimensional space, in terms 
Of pi. Pes Ps and their derivatives with respect to 5,.* 

In the same manner the equation of the osculating coni- 
coid to a curve in three dimensional space can be written as 


CM RTI T ‚(F—y) Sl XT — (X — 2), ..| 20 

BA oN ehe, AT YR T , De, T 
Lus.) EE It ët es E , D’z, 
DEE leurs 3DyD*, +3D'yDz, . 


zs D'x 
8 DrD*r -6D'rD'z,. 4 Dy D^y +6D Dy +4D' yDz,. ‚Dix. 


Dës Die + 56D*zD*x + etc, 8DyD’z + 28D'yD?z + e sel 
*006,.... D. 


If we multiply this by the transforming factor 
(2, 3]?,,. ]1[2.3]*... [2.3]?,,. 2[2. 3]-- [2. Shey, 212, 31e, (2. 3]. 


I5: I (1, 3p. .. [3, Das [1,2]ey + (3. Ley (1, Bee .- 
o. O, O. o. 3 
2(2, 3]yə US, Ile, O. O, O 
oO, [2, Ses $ [2, 3] $ (2, SEA 
and write 


ess (LE —z)[2, 3]. + (Y —y)[2, Bee +(Z—2)[2. 3)., 
L,42(X-—2z[93, 1], + (Y —9)3, 1]. +(Z—-2)[3, ley 
Ly2(X — 21, 2],- + (X -y)1, 2)» + (Z— 2), Bey 
we get, by use of the reducing formulae 
[m, n, p]=[m, nl, D’x * Im, n].. Dry + [m, n]., DPz 
[m, n, p] [r, 5. dirfen, n, q] [r 5. P] 
= 2[m, n],.[r, *],. P/zD’z + .. 
+ (m7, Sief: sl, + [m,n]s, D. al II DN, ER, + Dr,Di,i+.. 





* It can be shewn that, in this case, RI=p! + (pe)? + te SE 
where p, « 7 are the first three radii of curvature and xs 
indicate differentiation with respect to the arc. 








Ir "e *ü Dr 'e "il oc-I9'g "rn Ee *e 990-19 *e "Ule 'e “rsa "Ln e alle El) 02—[o 'e 'e] (e "e "ir sz EL e "n (e "2 ‘th 8— 
[p '£ 1] lee‘) ee-ie g "re ‘a "0 12 ee 'e) (e ‘3 ‘1 13+ [9 ‘e *ü [e'g ‘WL 
[r 'e 'r]Ie 'e (0 ei (+ ‘e ‘sl [e 'z 'r or (o *e ‘1) le's T] 9— 
de ‘3 ‘1 0t (+ 'e ‘tle 'z 'r]o- 
0 
dest 
"Ki 


" u " 
Ü | " ` * a E 0 
"8 a > I ` " , 


Fi rg s KA Gel TY F EU 


0 
0 
0 





17 


dr "zrdoaizlersruleisuzu "lh "6€ oc+1I0 ‘g 1) le ‘g 1log- ‘slt "€ orte ‘sl le "e "1391 
(+ 'c *1] [e 'c — lo ‘e "ule 's ‘ts [o ‘g z) le ‘ste 
de 'c 1] 0c lp ‘e "tl fe ‘g rm oe- .. Ie 'e 'e) [s * "ü gi 
0 0 [s "6 'c] [e ne 
T (e's ‘oe SEIEN MTS 
0 0 Jis i NO 
0 0 de 'z ‘is 
0 0 | 0 
d ot ' LS 
| uorenbe quvurumojop Surao[oj aq 


drsdozioedleisrdamzbrerdotazbreilesdieg-fgrerdfesrdäzdrersiotazbeaiiesrda 


[e's ‘tol 
[c ‘s ‘t) oc 
0 


U 


MM 





18 


Ge DEI 
— 
CENTRAL LIBRARY 


(es 1) 
I 
KA 
e [s "sr 
[s ‘g 1] 
[€ ‘g '1] 
0 
0 
gei Ho 


‘le ‘e‘t)- 
Lier, 
‘fo ‘eg *r)- 
‘fo ‘e t- 
'Is 'e* nj 
0 
[€ ‘z 't] 
0 
Ld 


[c ‘g 'r] ev— 
[s '£ ‘1) 0£— 
'0 
fe 'z'1Jo 
But 


(L ‘e ‘1) e*[o'e 'z) e 
[9 ‘g i1 z * [o ‘e 'z] ot 
[o ‘e ‘1) es 'c 'z] o1 
(pg ‘ts 
[e ‘g *1] 91 g-t 
«t uoneogpduns perg v orqa jo 


ser) — "Dr'e'elle 'e ‘1) ob+[o 'e 'e) [e ': "199. 'z "re "e "1]8 


Le) 
Io 'e 6) 
{9 ‘e 'z) 
Te e ‘g 
0 
0 
[e ‘8 ' 1] 
tvy 


[rs ‘el [e 'z "r) oe+lo ‘s 'tlle': nz 


(o's *r (e ‘g'ia 
. belle 
le ‘s ‘rly 


> © © 





ae as E 


Ki Är 
ar 

p 7 EA 
D F4 
Dages) 7 

— 

c 
CENTRAL LIBRARY 


[9 € *c] fe ‘g 1] scr ‘e 'g) (he *r o8 ‘s "rd Ce 'e ‘1 e- e ‘z "n o6 Vs— 


19 


[9 'e ‘s) +(e 'c ‘i e—f[o ‘g ‘e= 
(+ ‘e 'g) or (o 'z ‘1) ¢—[9 ‘s "11 o- 
(o'g'il e-l e'g > 
[t'g 1) e= 
ty [g 'z 1] g- 9T pg 


(re uu t ‘zortio 'e "rie 'e '9e-[9 ale 'z 1) 8c "e e 'ed [y's "10r [e te alle "e ‘1) 90 [L ‘salle sde 


[t '£ ‘t)ee—[e ‘s *1] 12 
[p 'c ‘tat 
[c ‘sot 
0 
Eq d 


[t'g "gl eg [o ‘es ‘UL 
[o's 1] 9 

[p *z ‘ls 

[e'g ‘uP 

WIN 





If we take the third intrinsic parameter s. to be the inde. 
pendent variable t, then because 


ds; 
Tu. 2, 3]« 
we have 
[1,2, 3] 1 D[1,2,3]-[1, 2, 4]—0 
If we call [1, 3, 1]— —7 and [2, 3, 4]— —J 
all the other parametric coefficients of class 3 can be calculated 
in terms of I and J, and their derivatives with respect to s,. 


The formulae for calculation of the parametric coefficiente 
of class three are 


IL, 2, »-- 1]— D [1, 2, n] — (1, 3, n] 
[2, 3, n A 1]— D [2, 3, n]— [2. 4, n] 
M 3,n-1]— D [1, 3, n] — [2, 3, n]— (1, 4, n] 





er 1, 2, 4] [1, 3, n]— (1, 3, 
[1, 2, 4 n]— (1, 3, 4] [1, 2, n] 
1.4, n] = = (1, 9 > 3] — =m 
(1, 2, 4] (2, 3, n)—[2, 3, 4] (1, 2, n] 

— (1,2, 3] 


which are particular cases of the general formula 


: [29,6 1l; [1, 3, EE], [1, 2,5] 
— [t, m, n] AP 2, 3] = [2, 3,m], [1, 3, m], [1, 2,m] 
, 3,2], (1, 3, n], (1, 2,5] 


If the independent variable be the third intrinsic parameter 
8,, then 
[1, 2, 5] 221, - [1, 2, 4]=0, n 3, 4]— —7 
[2, 3, ou — therefore [1, 4 "imd D, 2, n] 
and [2, 4 , nj=J fl, 2, n]. 


By the above formulae we obtain the —— table of 
values of the parametric coefficients of class 3 


[1, 2, 3)=1 u,2,95]27 1, 2, 6 -21'— J 
[1, 2, 4]=0 [2, 3, 5]— J* [2, 3, 6)= —J"—1J 
i 3, 4)——4 1,3, 5)= —17'«J[1,3,0]- -I-P +27" 
3,4j)=—J "D. bie fi pi y 6)=2 II' -IJ 
' [2, 4, 5])=1IJ [2,4 ,6]221'J —J* 
[2,723 17—3J 5 1 
(2.3, 7]- —J" —3 FJ -1J' « J^ 
[1, 3, 7] 2 m zs qon 4 II' +3 J'* 2 IJ 
(1, 4, 7]-3 11" -3 I +I 
[2, 4, 7)=3 I'"J —3 JJ* + PJ 
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(1, 2, Bis d 17” —6 J” +6 II' —2 1J 

[2,3,8]— —J* —6 I"J —4 PA ss IJ” +5 JJ' — DJ 

(1, 3, J= — fie +4 J” —4 I^ —7 II" «5 VI +6 I — 3 — I* 
(1, 4, 8] 2-4 7""1 —6 J"I +6 PI' -2 PJ 

[2, 4, 8] 2 4 7'"J —6 J'"J +6 II'J —2 IP 

and so on. 

The equation of the osculating conicoid is simplified if we 
take s, as the independent variable and substitute the values of 
the parametric coefficients from the above table. 

The foregoing part of the paper is intended as an introduc- 
tion to the general methods and conceptions. In the next part 
the special case of parametric coefficients in two dimensions 
will be dealt with. 


IIl. APPLICATION TO PLANE CURVES. 


1l. Definitions and General Relations, 
Suppose z, y are the co-ordinates of a point P of a plane 


curve defined by 
x= F, (t) and y= F; (t), 


where F, and F, are T Mee functions of the parameter !. 
Then, if D*x and D*y be the n” derivatives of x and y, 
with respect to t, 
Dex D’z + Dry D*ysím, n) 
and 
Dea D’y— D'xz Drys[m, n] 
where (m, n) and [m, n] are parametric coefficients of classes |! 
and 2, respectively. We have (m, ») — (n, m) and [m, m] —0. 
Also [m, n] [p. wf (m, p), (m, q) 
(n , p), (^, q) 


Whence [m, n] (1, 2] — (1, m) (2, n) — (1. n) (2, m) and [m, nl 
= (m, m) (n, n) — (m, n). 


If we multiply together the matrices 





Da, D'y |and | Drx, Dry | we get 
Der, Dey Diz, Diy 
Da D'y Dx, Dru 





(8, p), (1, q), (h |=0 
(m, p). (m, q). (m, r) 
(n. p). (n, q). (n, 7") 


from which, putting m=1,n=2,g9=1,r=2 


Quang C 











we get 


(l, p) (1, 2P=(1,2) (1, p) (2, 2) + (2, D (2, p (1, 1 
—t0, D (2, p)+(2, (1, p)) (1. 


Also, by expanding the determinant, we have 
(t, p) * n] Id. 7] * (m, p) [n, 4 [g, r] + (n, p) (1, m] [g, r] - O 


or, ^2 e n]- (m, p) in, + (n, p) E, m] —0 
whence (L, p) [1, 2]— (1, 7] (2, p) — [2, 9 (1, p) 
and (1, 1) CH n]=[l, n} (1, m) —(1, m] (1, ») 
If we multiply together the matrices 
D'r, — D'y | and | Dry, Drx | , we get 
D*r,— Dry Diy, Dix 
Dy, Dx Dry, D'x 











Lë pl, [4, gl, [Z, 91 x 
[m, p], [m, ol, Dn, n] 
(n, p), (n, qg), (n, r) 


and if we multiply together the matrices 

















—D'iy, Dix | and | Dex, Dry | , we get 
Dez, D*y Diz, Diy 
Dex, D" y Drz, Dry 


F 


de, p.(^, qLU, r) 
(m, p), (m, q), (m, n) 
(n, p), (n, q), (n, r) 


where, if we put m=1, n=2, q=1, r=2, we get 


H, p] (4, 2 — (0, 7] (2, p) * [2, 0 (1. 2i (1, 2) 
-[1,2 (1, p) (2, 2) — [2, 9 (2, p) (1, 1). 


Also, by expanding the determinant, we have 
(2, p] [m, n] ig, r]  (!/, ol im, al [r, på * (7, r] [m, al [p, 23] 2 * 


Or F, på [g — q] E r^ r] [p. 2]—-9 
whence, ^, p] (1, 2]—[1, 7] [2, 2l-[1,92][2,9 


If we multiply together the matrices 














— Div. D' x | and | — Dry, Dez | we get 
Dex, Dy Dix, Diy 
Dx, Dy Dæ, Dry 
=0 


[m, p], (m, q), (m, r 


| “te p) D. q]. H. i. 
[n, p), (n, q), (n, r) 








where if we put m=1,n=2,q9=1,r=2, we get 


(1, p) (1, 2 =D, 7] (1, på (2, 2) + (2, 0 [2, P] O, 1) 
— (1, 7] (2, p] + (2, 0 (3, pl) (1.2). 


Finally, if we multiply together the matrices 


—D' y, Diz |and| Drz, Dry | , we get 
D*z, Dry — Diy, Diz 
Dex, Dry — Dry, Drz 








— HU, pl. (L, q), i. r) [ev 
| (m, p), [m, 4]. Im, r] 
(m, p), (n. qi, [n.r] | 


where if we put m=1, n=2, q=1, r=2, we get 
H. p] (1, 2]— (3, 2) (2, p) — (1, p) (2, 9 
a relation otherwise evident. 
2. Working Formulae. 


All the other parametric coefficients can be easily calcu- 
lated, if we know (1, 1) and (2, 2), and therefore (1, 2), (1, 3), 
(1, 2], (2, 3) and [2, 3]. | 


For D(1, 1) 2 2(1, 2), (1, 2 — (1, 1) (2, 22— (1, 2, 
D(2, 2 = 2(2, 3), Dil, 2)=(1, 3) + (2, 2) 
and [1, 2] (2, 3=(1, 2) (2, 3) — (1, 3) (2, 2). 


The following set of formulae, which we may call the first 
set, will be found useful for general purposes. 

Suppose we have calculated (1, n) and [1, n] for all values of 
n from 1 to n: then we can calculate (r, s) and [r, 8], for values 
of r and s not exceeding », from 


(r, s) (1, 1) 5 (1, r) (1,s)+[l,r] [1, al 
and [r, 5] (1, 1) — (3, r) (1, 5] — (1, s) (1, el, 
We can next calculate (1, n+ 1) and [1, n + 1] from 
(1, n 7D) — D(1, n) — (2, n) 
IL. n+ l2 DI, n])—[2, n] 
(2, n) 2 ((1, 2)(1, n) * (1, 2) (3. 2/0, 1) 
and (2, n] — ((1, 2) 1, »)— (1, 2] (1, myc, 1). 


The following set of formulae, which we may call the 
second set, are also useful, and specially so, in certain cases, 


where 


lk 





Suppose we have calculated [1, nj and [2, n) for all values 
of n from 1 to n. Then we can calculate [r, al for values of r 
and s not exceeding n, from | 


lr, 8]— (L1, ri 2, s]—[2, r) (i, alt, 2]. 
We can next calculate [1, n + 1] and [2, » +1] 


from 
[1, n + Us D, n] — [2, n] 
and [2, n 1] = D[2, n] — (3, n] 


[3, n] = ([1, 3] [2, »]— [2, 3] (1, »]j/[1, 2]. 
Subsequently we can calculate (1, 2) (2, n) and (r, 8) from 
(1, n) [1, 2]— (1, 2) [1, n] — (1, 1) [2, al 
(2, n) [1, 2] — (2, 2) AP n]—(1, 2) EX nj 


LU, 21 (n, s)=(1, r] D, 5] (2, 2) * (2, r][2, s] (1, 1) 
— (LL, r] [2, 5] * [1, $] [2, r]} (1, 2). 


The following set of formulae, which we may call the third 


set, may also be used. 

Suppose we have calculated (1, 4) and (2, ») for all values 
of » from 1 to n. Then we can calculate (r, s) and [r, sl for 
values of r and s not exceeding ^, from 


[1, 2]'(r, 5) =(1, r)(1, s)(2, 2) + (2, 7)(2, s)(1, 1) 
— (a, r)(2, 8) + (1, (2, r)) (1, 2) 
and [r, 5$) — (1, r)(2, ai — (1, s)(2, r)j/[1, 2]. 
We can next calculate (1, n+ 1) and (2, » + 1), from. 
(1l, n + 1) — DO, n) — (2, n) 
and (2, n 1) 2 D(2, n) — (3, n) 
where 
(3, n) — [1, 312, ir = 3](1, n) 
3. When the first intrinsic parameter (s,) is the indepen- 
dent variable f. 
In this case, since (1, uf 1, we have (1, 1)=1, 


and 


(1, 2)=0 for D(1, 1) = 2(1, 2). 
[1,2] 1 


l, 2] n | | = — n — 
Also [1, 2] — 7, where r dE P 





Now, if we use the first set of formulae, we get 
(2, n)=((1, 2)(1,n)+[1,2][1, ail, 1) — r(1, ai 
(2, n]=((1, 2) (1, n]—-[1l, 2] (1, »))/(1, 1) — — r(1, n). 
Therefore | 
(2, 2)=r*°, (1, 3— D(1, 2)— (2, 22 = —r* 
(2, 3)—rr', for D(2, 2) = 2(2, 3) 
[1, 3]= Dil, 2)=r’, [2, 3] - — r(1, 3) — e? 
(3, n) = ((1, 3)(1, n) * (1, 3] [1, »])/(1, 1)— —7*(1, n) + r'[1, n] 
(3, n] — ((1, 3) [1, 2] — (1, 3] (1, 2))/(1, 1) = —F 01, n]—7'(1, n) 


so that we can at once write down the series (2, n), (2, n], 
(3, n), [3, n] if we calculate the series (1, n) and [1, 

The values of the series (1, 7), [1, n], calculat from the 
first set of formulae, are 


(1, 1) «1, [1, 2]=r, (1, 2) 20 
(1, 3)= —7*, (1, 3]= r" 
(1, 4)= — Irre’, [1, 4) =r" —r* 
(1, 5) 2 —4rr” — 9r?  r*, (1, 5] — r"' — 6r°r’ 
(1, 6) 2 — örr‘” — YOr'r"" + LOr*r’ 
[1, 6]— r* — IOr?r" — 15rr? +r“ 
(1, T) = — rri — 16r" — 3072 + 20rèr” + 45r — ri 
(1, 7]— r* — 1or?r'"' — 60rr'r” + Lory’ — 1or^: 
(1, 8)= —7rr* — 21r'r* — 39r" r"" + 359r" + 210r*r^r" + 105rr 


elr 


[1, SJ=r" — 21r*r* — 105,7 Sec? — 105r^*r^' + 35rr” + 
105r*r^ 


ae 9) = — rr“ —2B8r'r* — 56r r + CM, — 35r" + 490r*r'r"" 
280r*r^'* + 84Orr r” — 56r*r" + 105r/* — 210r*r? +r’ 

[1, 9] =r" — 28r?r* — 168rr'r** —280rr''r"' — 210r?r"" — 210r'r” 
+ TOrr"" + 560r*r'r" + 420r?r^* — 28r*r', and so on. 


4. When the second intrinsic parameter s. is taken 4s 
the independent variable f. 
In this case, since 


ae 2j! — ul, we have (1, 2]=1 and [1, 3]= D[1, 2] =0. 





Also, since (1, pn ‚2]=p, where pis radius of curvature, 
we have (1, 1) — pf, | 
__ Again, since (3[1, 2] (1,2) — (1,3] (1, 1))/3[1, 27 = tan 5, where 
© is the angle of aberrancy (vide — A General Theory of Osculat- 
ing Conics, Second Paper), we have (1, 2) — tan?, and because 


(1, 1) (2, 2)=[1, 2? » (1, 2), we have (2, 2) — (tan*6 1) — = 
= gec:ó p— i 

Also because (3[1, 2101, 4] — 5[1, 3P + 1201, 2][2, 3])/9(1, 27° 
= (ab) — 5» where a, b are the semiaxes of the osculating conic 
(vide A General Theory of Osculating Conics, Second Paper), 


we have 
3[1, 4] +12[2, 3] — 9(ab) — i 
But [1, 4] - [2, 3] — D[1, 3]=0 
therefore [2, 3] 2 —[1, 4]— (a5) — 5 — 7 suppose 
If we use the second set of formulae we have 
[3, n] — ([1, 3] [2, »] — [2, 3] [t,. m]j/[1, 2] — — IT, 7] 


Therefore, starting from [1,2] 2 1, [1, 3] —-0,[2, 3] — 7, (1, 4] = — I, 
we can calculate all the parametric coefficients of class 2. 
The parametric coefficients of class 1 are then determined 
from | 
(1, n) 2 (1, 2)[1, 2]—(1, 1) [2, al, 2] 


(2, n) — ((2, 2) [1, n]— (1, 2)[2, »}}/01, 2] 
and [1, 2]*(r, ) 2[1, 7] [1, s] (2, 2) € [2, r] [2, 81 (1, 1) 
— I1, 71(2, s] * [1, 8) (2, 7] (1, 2) 


(1, n) —[1, n] tan ö—[2, ale" 
(2, n) - (1, n] sect 8 p-! —[2, n] tanó - 
and (r, s)=[1, r) [1, 8) sec? à p^! — [2, r] [2, s] pt 
— ftt, 7] (2, 5] € 1, s] [2, 7]) tan 8. 
The values of the series [1, n], [2, 2], calculated from the 
second set of formulae and expressed in terms of / and its 
derivatives with respect to s,, are given in the following table 


which may be casily extended as far as one wishes, The series 
[3, n] is at once obtained from the formula 


[3, n] — — 7 [1, ^] 


which give 





and the series [r, n] can be calculated from 
[r, als ([1, r] [2, n] — [2, r] [1, x} /[1, 2]. 
[1, 2]— 1, (1, 3]—0, [2, 3] 7 
[1, Als - 71,12, dis ft 
IL. Bis -21*, (2, 5] - I" — I? 
[1, 6] 2 - 3 I” +2", (2, 6] — r” — 4 II" 
IL. = — 4 7'" +6 II", (2, 7) — I" —7 II —4 I"* + I* 
fl, 8]|2 — 5 I" + 13 II” +10 I? — I 
[2, 8] — 7* — 11 27" — 15 I” 4-9 PI 
(1, 9] — — 6 Ir + 24 II" +48 I' I" —12 Pr 
(2, 91 = 7** — 16 71'* — 26 I’ 1I''* — 15 I? +22 P I” +28 II^"? — A 
and so on. 

Note.—Calculations of the parametric coefficients for the 
systems (r, 6) and (s, +) are given in paper No. 6, mentioned in 
the Introduction. The general conception of parametric 
coefficients in two dimensions first arose in the above-mentioned 
paper although the conception of intrinsic parameters has been 
first introduced in the present paper. 


5. Expressions for the length of a Chord. 


Let P. and P. be two points on the curve corresponding 
to values o and ¢ of the parameter. Let the co-ordinates of P, 
and P, be (z,, y.) and (z,, yi). | 


Then, evidently 
Lë, —x,) Dz + (Yı — Yo) Dy 
=(1,1)2+(1, 2) 9/2! + (1, 3) 6/31! (1, 4) t*/4! + ete., 
and (y, — y.) Dx— (xz, —z.) Dy i 

=[1, 2] 8/2! + [1, 3] £/3!+[1, 4] t*/4! + ete. 
Similarly, if (z,’, y, and (z,, y,) be the co-ordinates of two 
points P’, and P, on the curve corresponding to values —¢ and o 
of the parameter, then 


LE — x.) Dx +(y\'—y.) Dy 
= —(1, 1) t4 (1, 2) ¢/2!— (1, 3) (5/3! + (1, 4) t 4!— etc. 


and (y, —y.) Dx — (x; — x.) Dy 


—[1, 2] t*/21— [1, 3] £*/3! + (1, 4] t4! — etc. 


Therefore 
M(z, —z,) Dz + (y,—y,") Dy) 
—(1, 1) 2+ (1, 3) /3 ! + (1, 5) t*/5! + ete. 
and 1 (y, — 9) Dx—(x,—2,’) Dy} 
=[fl, 3) t€/3!  [1, 5] /5! + etc. 
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If L be the length of the chord P, P,’ then 
(1, 1) Z* — ((xr, —2,') Dr + (y, —y,") Dy)" 
+ [(y,— y") Dr— (x, —2z,*) Dy)’ 
whence, after simplications, we have 
L*/4 t* — (1, 1) - 2(1, 3) £/3! +2 (1, 5) (5/5! + (3, 3) (0/31! 3! 
* 2 (1, 7) 5/7! - 2 (3, 5)45/31 514 2 (1, 9) £*/9 ! 
+ 2(3, 7) (5/3! 71 (5, 5) 65/5! 5! «etc. 


_ Whence again, after extraction of square root and simplica- 
tions, we have 


lxi... 595 A cU,55)0.: m 4» 
ze SED AT ae mi Sr reen 


i panay (5,3]0,5]0, 2) ,(0,3)(1, 3] 
am. n--* wer D AE 











7! 3! 5! 313131 








QUU 80,9 0, 1* |, 0, MILS , (1, 5) LL, 37 (1, 1) 
(1, 1) l 9! n— Sickie o 2 315! 3! 
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If the independent variable (f) be the second intrinsic 
parameter s, then [1, 3]—0, therefore the expression for L 
reduces to " 


CO (1,3) t (1,5) FTO 


AE INS. TA E LR AA eh nee 


L/i2t(1,1)$z14 


or 
L=2 s på rg T- 21 tan à— p$ (1^ — 12) + eto. | 
- 3! 5! på 


where 2 4, is the length of the second intrinsic parameter from 
P,'to P, the initial point P, from which s, is measured being so 
situated as to bisect 2s.. : 

If the independent variable be the first intrinsic parameter 
#,, namely, arc-length, then the expression for L becomes 

Lj2s8, —1—5,* ?/6 - s,* (3 r* —4 r'* — 12 rr’’)/360 + etc. 

If we write s for the entire arc P,’P, which is Ze, we have 

L=s—s*r*/24 + 8° (3r* — 4r'* — 12rr'^)/5700 + etc. 





If we shift the origin of « to any arbitary point on the are 
so that the arc distances to P, and P, are 8, and s,, then 


s=8,— 8, 


and the arc distance of the old origin from the new is (8, + 8,')/2. 
Therefore 


—* s, 5 F d 
Besteet f ri. T p (ra) + (X) s (r*)/2 


^4 8 — SR. 75 
+ (==) D? (r?)/31 + &c. f + at: (3 r*—4 7*—12 rr”) 
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2 


Note.—The eg EO for L given here are interesting. 
The expression for L in terms of the are is calculated in some 
text books (vide Calcul —— pur J. Bertrand) to a few 
terms, but the method is less general. 


D (3r*—4 r®— 12 rr^) + eto. | * eto. 


6 The Osculating Cubic. 


Let z, y be a given point on a curve and X, Y another 
point so that the value of the second intrinsic parameter from 
the first to the second point is s; Then, if we write 


dax d 
Le(Y-y) 4 —(X-2) 3- 


and st ^ 
Bet eS Ae quo TE 
Leet P — y) — (X— x) ds. 
we have = n 
s* 
Ža 1.59 Za 
Lell, 2] 55 * (3, 3] = +[1, 4] 41 + &c 
8^, s*a 
L,2 — (1, 2]5; + (2, 3) 37 + (2, 4] =; + &c- 
or, | 
L,=s*,/2!— I5*,/41 — 21'55,/5 1 — (3I — I*)55,/6 ! 
— (41 — 611’)a,7/7 1 — (BI:* — 1371” — 101 + ISS! 
— (6J* — 24I1'" — 48I'I” + A2? 1^)5*,/9 1 — &c. 


L,= — a, 15,5/31 + 15,94! + (I” — P)s,*/5! 
+ (1^ — AII')5,/06! + (I-II — AI" + I) /T! 
+ (I* — 1117" — 157 I" + OPT) 55/81 (15 — 1671" 
— 26I' I*' — 151^? + 223 1" + 281 I" — 1*)5,"/9!  &c. 
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Whence, 
Lois 68,%/4! —3015,*/6! — 841'8,7/7 ! 
— (1687** —126/*)5,*/8! — (288 7°” — 93601 ")s,"/0 ! + &c. 
L,* = 905,*/6 ! —126015,*/8! — 45361'5,"/0!  &c. 
Lu’ = 25,*/2 1 — 815,*/4 ! — 101'5,5/5 t — (127"' — 321?)5,5/6 ! 
— (14 7" —12671^)4/1! — (161% — 2247 7” — 1347” + 
128/*)5,*/8 ! 
— (182° — 36671" — 5221" I” + 10867 I*)s,*/9! — Se, 
SumL?—2L,&IL,*-— —61's,/5!—61'5,5/6 ! — (67’” — 
307 I )a MT! 
— (6/7 — 3077” —1141"*)s 3/8! — (67* —4267" I"" — 30II""* + 
1267* I*)s,"/9! + &c. 
So that S=O is the equation of the osculating conic and / —O, 
I' — O, are respectively the differential equations of the para- 
bola and general conio respectively. 
LS = —12061'5;5/7 ! —168/*'5,5/8!— (2167"'* — 183671") 
8,"/9 ! — &c. 
LS = 361'5,*/6 ! + 4212,77 1 + (ASI'" — 5761 1')s, 5/8! 
+ (541 — 77411” —17821"*)a,"/0! Ee, 
Therefore W,e-—51"L,S + 61°22 —15I'L,S 
= —(720I'I''** — 8407” — 108077"*)a,*/8 ! — (B1LOI’I" — 
10807” I’ — 243011 I” + 4861**)s.9/9 ! + Se, 
and Wi.wm7l'(—158S -3I'L,*L,—I"L,*) - 5(J'" + 9II')L,S 
= (6301 "fer — 8407” I" —189071I'I** + 109621'*)s,*/8 ! 
+ (6307' I** — 10807” —30907 I' I" 346501" I" + 32401* 1") 
8,"/9! + &c. 
Hence  Wj,(630I'I** — 8407” I" — 1890171” + 109621") 
+ W.(20I'I"" —8407"* — 108017") —0 
or TASPIY — 201" r” —451I'I"* + 2617") W, 
+ 20(0J'7"" —71'* —971"7)W,—0O0 


is the equation of the — cubic. 
The differential equation of the general cubic is then 
21(15I' fu — 201" I** — 45I Ir I” + 2061I"(157' fe — 201" r” 
— 451I'I** +97”) 
= 100 (6P 7" —71I'* — 811”) (7I'I" — 127" — 41 II'1I"" + 3851" I” 
+ 367* I") 
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The above direct forms and methods of deduction of the equa- 
tion of the osculating cubic and the general differential equa- 
tion of the cubic are interesting. 

For the Laguerre-Forsyth forms see ‘‘ Projective Differen- 
tial Geometry, ete.’’ by Wilczynski, mentio in the introduc- 


tion. 


A number of other applications of parametrie coefficients 
occur in paper No. 6. 
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